
Leveraging Induced Tangents of Time Series 

Towards Better ICA Representations

Introduction
Independent Component Analysis (ICA) is a common preprocessing step

for vector valued data, including EEG data. ICA seeks a more statistically

meaningful basis against which such data sets may be measured.

Independent components (IC’s) are directions that optimize some

measure of statistical independence, such as negentropy or mutual

information, when the data set is projected onto the IC vector.

Reconstruction ICA (RICA), introduced by Le et al. [1], is an extension of

ICA allowing for the discovery of an overcomplete set of components.

Motivated by a geometric argument concerning the dimensionality of the

image of RICA transformed data, we describe a further extension of RICA

that incorporates higher-order information derived from time series.
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Background: ICA and RICA
A set of IC’s specifies a linear transformation of vector valued data. An

orthogonality condition limits the maximum number of components ICA

can discover (and hence the dimensionality of the image of the

transformation) to the dimensionality of the input signal. In the case of

EEG, this means that the number of IC’s we can discover is constrained

by the number of electrode channels utilized in an experiment (Figure 1).

RICA may find an overcomplete set of IC’s by softening the orthogonality

condition. Observe that while the RICA transformation may map the data

into a higher dimensional space, the image of the linear transformation is

restricted to a subspace of that higher dimensional space, retaining the

dimensionality of the original data (Figure 2). We hypothesize that an

overcomplete representation that meaningfully extends the dimensionality

of data may be a useful preprocessing step for subsequent learning tasks

on EEG and other time series data.

FIGURE 1: (A) Scatter plot of signal amplitudes of two linearly mixed audio

signals, overlaid with IC’s discovered by extended infomax ICA. (B) The

same data (A) measured against the new basis specified by the components,

i.e. the linearly transformed signal.

Time Series Tangent Structure
We propose a modification of RICA and an expansion of the underlying

domain of the problem that can be made when the input is time series

data such as EEG data, or any set of vectors arranged in some

chronological order. We observe that in this case, a series of tangent

vectors may be derived and concatenated with the original data set, and

these vectors may provide a learning algorithm such as RICA with

meaningful information (Figure 3).

FIGURE 2: (A) 3 components

discovered by RICA overlaid on the

same signal data from Figure 1.

(B) The associated transformation

in R3. (C) The same data viewed

from an alternate orientation. Note

that the RICA transformed data is

constrained to a 2D subspace (that

is, a plane passing through the

origin) of R3.

FIGURE 3: (A) A natural 3D time series structure projected into 2D.

Standard ICA algorithms cannot distinguish between intersecting points.

(B) Human observers might mentally reconstruct the 3D image by

observing the projected tangent vectors at the intersections. Such a

representation may be non-unique but still meaningful.

Given n-dimensional time series data, 𝑥𝑘 𝑘=1
𝑁 ⊂ 𝑹𝑛 , we define a

transformation into a subset of the tangent bundle 𝑇𝑹𝑛 ≅ 𝑹𝟐𝒏 as:

𝑥𝑘 𝑘=1
𝑁 ↦ 𝑥𝑘, 𝑣𝑘 𝑘=2

𝑁−1
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2ℎ

.

Here ℎ is the time-interval between frames in the time series.

Our modification to the RICA algorithm gives the following optimization

objective, for 𝑔 𝑥 = log(cosh 𝑥 ):
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where 𝑊2,3 are the off diagonal blocks of the weight matrix 𝑊. This block

matrix representation of𝑊 is significant, and defined so that

𝑊 ⋅ 𝑥𝑘, 𝑣𝑘 =
𝑊1 𝑊2
𝑊3 𝑊4

𝑥𝑘
𝑣𝑘
=
𝑊1𝑥𝑘 +𝑊2𝑣𝑘
𝑊3𝑥𝑘 +𝑊4𝑣𝑘

.

𝑊1 and 𝑊2 (𝑊3 and 𝑊4 ) respectively represent the base and tangent

contributions to the base (and tangent) space of the range.

The first line of the induced-tangent RICA objective function is exactly

RICA. In the second line, our reasoning in penalizing non-zero values of

the off-diagonal blocks of 𝑊 follows from identification of the mapping’s

image within a tangent bundle structure on the targeted feature space.

Independent components derived in this expanded setting may either be

used in the full tangent space of the range, or be projected down to the

base space. In either case, the new transformation is linear on 𝑹𝟐𝒏 and

hence may result in an image with a meaningful expansion of

dimensionality up to 2 times the dimension of the original time series data.

Evaluation and Results
Delorme et al. [2] suggest the percentage of retained pairwise mutual

information (PMI) as a measure of the usefulness of an ICA transformation

that correlates with mutual information reduction and successful dipole

fitting. Working from a 15 subject dataset of EEG data from 2 different 𝑛
channel headsets [3], we tested 3 procedures for finding 𝑛 IC’s:

1. Extended Infomax ICA [4]

2. Induced Tangent RICA

3. Extended Infomax, followed by Induced Tangent RICA.

The projection of the features into the base space of the target tangent

bundle was interpreted as the feature transform in 2 and 3 above. Each

algorithm was trained within individual subjects (Table 1).

Device Mnftr. 

(channels):

Extended Infomax Tangent RICA Ext. Infomax + 

Tangent RICA

ABM (9) 29.41 ± 2.09 % 32.73 ± 2.39 % 27.61 ± 1.91 %

EMOTIV (14) 27.07 ± 2.34 % 30.00 ± 2.60 % 25.48 ± 2.13 %

Biosemi (64) 30.84 ± 2.09 % 34.34 ± 2.29 % 28.81 ± 1.96 %

TABLE 1: Average percentage of retained PMI over subjects.

Note that the presented results are only for IC’s discovered matching the

dimensionality of the time series data for the purpose of comparison to

Extended Infomax ICA, which only derives up to a complete set of IC’s.

While the described induced tangent RICA does not directly outperform

Extended Infomax, we observe improvement in retained PMI when the

described method is applied to time series ICA data. We observe that the

methodology presented here results in a useful transformation that is

picking up on information unique to the method (relative to Infomax).

Further, the proposed method allows discovery of up to 2𝑛 components

that may map non-trivially into 𝑹2𝑛. Like a human observer assigning

depth to otherwise indistinguishable points in Figure 3, leveraging tangent

data to find a higher dimensional transformation may be useful for

subsequent machine learning analysis on EEG and time series data.
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